We apply the asymptotic iteration method (AIM) to obtain the solutions of Schrödinger equation in the presence of Pöschl-Teller (PT) potential. We also obtain the solutions of Dirac equation for the same potential under the condition of spin and pseudospin (p-spin) symmetries. We show that in the nonrelativistic limits, the solution of Dirac system converges to that of Schrödinger system. Rotational-Vibrational energy eigenvalues of some diatomic molecules are calculated. Some special cases of interest are studied such as S-wave case, reflectionless-type potential and symmetric hyperbolic PT potential. Furthermore, we present a high temperature partition function in order to study the behavior of the thermodynamic functions such as the vibrational mean energy U , specific heat C, free energy F and entropy S.
with various quantum potentials [1, 2, 3, 4, 5, 6] . Few of these mothods include the asymptotic iteration method (AIM) [7, 8] , the Nikiforov-Uvarov (NU) method [9, 10, 11, 12] . The algebraic techniques are related to the inspection of the Hamiltonian of quantum system as in the supersymmetric quantum mechanics (SUSYQM) [13, 14, 15] and closely to the factorization method [16, 17] . Other methods are based on the proper and exact quantization rule [18, 19, 20, 21] and the SWKB method [22] . Except for the previous methods, quasilinearization method (QLM) is dealing with physical potentials numerically [23, 24] .
In the present work, we investigate the Schrödinger equation and Dirac equation for the PT potential within the framework of AIM [7, 8] . This potential has been investigated by some authors under different wave equations of quantum mechanics which include the Klein-Gordon, the Dirac and the Schrödinger equations for the vibrational ℓ = 0 and rotational ℓ = 0 states [25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35] . The priority purpose for studying this potential is due fact that it has been used to accounted for the physics of many systems which includes the excitons, quantum wires and quantum dots [36, 37, 38, 39, 40, 41, 42] . For certain ranges of parameters it behaves like the Kratzer potential.
In recent years, an asymptotic iteration method for solving second order homogeneous linear differential equations has been proposed [7, 8] . This method is a powerful tool in finding the eigensolutions (energy eigenvalues and wave functions) of all solvable quantum potential models [7, 8] . This method has been so far applied to solve both the relativistic the non-relativistic quantum mechanical problems [43, 44, 45, 46, 47, 48] . The purpose of this work is to apply AIM to obtain approximate energy levels and wave functions of the PT potential in the framework Schrödinger equation and Dirac equation with the spin and p-spin symmetries by considering an appropriate approximation to the centrifugal (pseudo centrifugal) kinetic energy term and study its thermal properties including vibrational mean energy U , specific heat C, free energy F and entropy S as given in Ref. [49] . Further, the nonrelativistic limit is obtained and some special cases of this potential are investigated. This paper is organized as follows: In Section 2, we briefly outline the methodology. In Section 3, we present the bound state solutions of the Schrödinger equation with the PT potential.
Furthermore, we consider the solution of the PT potential in the framework of the Dirac equation under the spin and p-spin symmetries. The nonrelativistic limit is also obtained. Section 4 presents eigensolutions for some special cases. The thermodynamic properties of the Schrödinger equation with PT potential are investigated in section 5. Section 6 is devoted for our numerical results and discussions. Finally we give our conclusion in Section 7.
Method of Analysis
One of the calculational tools utilized in solving the Schrödinger-like equation including the centrifugal barrier and/or the spin-orbit coupling term is the so called asymptotic iteration method (AIM). For a given potential the idea is to convert the Schrödinger-like equation to the homogenous linear second-order differential equation whose solution is a special function and having the form [7] :
where λ o (x) and s o (x) have sufficiently many continous derivatives and defined in some interval which are not necessarily bounded. The differential equation (1) has a general solution [7, 8] 
If k > 0, for sufficiently large k, we obtain the α(x)
where
The energy eigenvalues are obtained from the quantization condition of the method together with equation (4) and can be written as follows:
The energy eigenvalues are then obtained from (5) , if the problem is exactly solvable. If not, for a specific n principal quantum number, we choose a suitable x 0 point, determined generally as the maximum value of the asymptotic wave function or the minimum value of the potential and the aproximate energy eigenvalues are obtained from the roots of this equation for sufficiently large values of k with iteration.
3 Bound State Solutions
Schrödinger equation for PT potential
The PT potential we shall study is defined as [34, 50, 51, 52, 56 ]
where A, B and α are constant coefficients. If we insert this potential into the Schrödinger equation, the radial part of the Schrödinger equation takes the following form:
where n and ℓ denote the radial and orbital angular momentum quantum numbers, respectively, and E nℓ denote the bound-state energy eigenvalues. It is clear that the above equation cannot be exactly solved for ℓ = 0 because of the centrifugal barrier. To obtain the exact bound-state solution, we have to include some approximation to deal with the centrifugal term. It is found that the following [30, 35] 1
, is a good approximation to the centrifugal term in short potential range. Now, if we replace the 1/r 2 with equation (8) and further defining the following notations
equation (7) can be easily transformed into
In order to solve with the AIM, equation (10) must be transformed into form of equation (1).
The reasonable wave function we propose is as follows
where γ = 
where we have introduced a new parameter K 2 = K 1 + α 2 (β + γ) 2 for the sake of simplicity. Now, before we apply the AIM, let us introduce a new variable of the form z = sinh(αr) in order to avoid the cumbersome calculations. Therefore, equation (12) can be re-written as
By making a comparism between equations (1) and (13), we can write λ 0 (z) and s 0 (z) values and be using equation (4), we can calculate λ k (z) and s k (z) as
By using the quantization condition given by equation (5), we can establish the following relations
We generalize the above expression by induction and substituting for K 2 , the eigenvalues becomes
By using the notations in equation (9), we obtain a more explicit expression for the energy eigenvalue equation as:
Now, let us study the eigenfunction of the system. To perform this task, the differential equation we wish to solve should be transformed to the form [8] :
where Λ, b and m are constants. The general solution of equation (18) can be found as [8] 
where the following parameters have been used
By comparing equations (19) with (13), we can easily determine the parameters Λ, b, N , m and σ. Consequently, the radial eigenfunction for the Schrödinger equation with the PT potential can be found as
where C 2 is the normalization factor.
Dirac equation for the PT potential
Using Dirac wave equation and Dirac spinor wave functions, the two-coupled second-order ordinary differential equations for the upper and lower components of the Dirac wave function can be obtained as [34, 35, 53, 54, 55, 56] 
where ∆(r) = V (r) − S(r) and Σ(r) = V (r) + S(r). On solving equation (22), we obtain the following Schrödiger-like differential equation with coupling to the r −2 singular term and satisfying F nκ (r):
where E nκ = −M when ∆(r) = 0 and κ(κ + 1) = ℓ(ℓ + 1). Since E nκ = +M is an element of the positive energy spectrum of the Dirac Hamiltonian, this relation with upper spinor component is not valid for the negative energy spectum solution. Furthermore, a similar equation satisfying G nκ (r) can be obtained as:
where E nκ = +M when Σ(r) = 0 and κ(κ − 1) =l(l + 1). Since E nκ = −M is an element of the negative energy spectrum of the Dirac Hamiltonian, this relation with the lower spinor component is not valid for the positive energy spectrum solution. In the next subsections, we shall study the PT potential within the framework the Dirac theory in the presence of spin and p-spin symmetries.
Bound states in pseudospin symmetry limit
Under the condition of the p-spin symmetry, i.e. ,
Now taking ∆(r) as the PT potential, using approximation expression (8) , defining the following
and introducing a new transformation of the form z = cosh 2 (αr), equation (26) can be transformed easily to
In order to solve this equation with AIM, the wave function sitisfies the boundary conditions is being proposed as
Inserting this wave function into equation (28) , leads us to write
Following same procedures as in the previous section, we can use equation (30) to calculate the λ k (z) and s k (z) then combine the result with the quantization condition given by equation (5).
This yields
By generalizing the above expression and using the notations in equation (27) , the relativistic energy spectrum becomes
which is identical to Ref. [35] 
Let us now turn to the calculations of the corresponding wave functions for this system. Thus using the procedure described by equation (18)- (20), the wave functions can be easily found as
whereÑ nκ is the normalization constant.
Bound states in spin symmetry liimit
Under the condition of the spin symmetry, i.e. ,
Now taking the sum potential as the PT potential along with the approximation expression given by equation (8) and then introducing a new parameter of the form z(r) = sinh(αr), the equation (26) can be easily decomposed into a Schrödinger-like equation in the spherical coordinates for the upper-spinor component F nκ (r),
In order to avoid repetition of algebral, a first inspection for the relationship between the present set of parameters (A 3 , B 3 , K 3 ) and the previous set (Ã 3 ,B 3 ,K 3 ) enable us to know that the positive solution for the above equation (35), can be easily obtain by using the parameter parameter map [57, 58] G nκ ↔ F nκ , V (r) → −V (r), E nκ → −E nκ , κ → κ + 1 and C ps → −C s .
Using the above transformations and following the previous results, we obtain the relativistic energy spectrum as
which is identical to Ref. [35] if B → α 2 B(B − α)/(2M ) and A → −α 2 A(A + α)/(2M ), and the corresponding wave functions as
where N nκ is the normalization constant.
Some special cases of the PT potential
In this section, we shall study four special cases of the energy eigenvalues (32) and (38) for the p-spin and spin symmetry, respectively.
S-wave case
By considering the casel = 0 (κ = 1) and ℓ = 0 (κ = −1), the relativistic energy spectra for the exact p-spin (C ps = 0) and exact spin symmetry (C s = 0) become
and
respectively. Equation (41) is the same as the energy equation obtained by equation (22) of Ref.
[50] and (35) 
Reflectionless-type potential
Choosing B = 0, A = −η(η+1)/2 in potential (1) then it becomes the reflectionless-type potential [59, 60] 
where η is an integer. The eigenvalue equation for exact p-spin and spin symmetry become
respectively.
Symmetric hyperbolic modified PT potential
On puting α = 1, B = 0, and A = 
with the relativistic energy equation
for p-spin and spin symmetries, respectively.
The non-relativistic limit
As it can be seen the nonrelativistic Schrödinger equation is bosonic in nature, i.e., spin does not involve in it. On the other hand, relativistic Dirac equation is for a spin−1/2 particles. It implicitly suggests that there may be a certain relationship between the solutions of the two fundamental equations [61] . de Souza Dutra et al [61] also noted that there is possibility of obtaining approximate nonrelativistic (NR) solutions from relativistic (R) ones. Very recently, H. Sun [61] proposed a little bit crude but meaningful approach for deriving the bound state solutions of NR Schrdinger equation (SE) from the bound state of R equations. The essence of the approach was that, in NR limit, the SE may be derived from the R one when the energies of the two potential S(r) and V (r) are small compared to the rest mass mc 2 , then the NR energy approximated as E N R → E − mc 2 and NR wave function is the ψ N R (r) → ψ(r). That is, its NR energies, E N R can be determined by taking the NR limit values of the R eigenenergies E. Therefore, taking C s = 0, and using the following transformations M + E nκ → 2µ and
, the relativistic energy equation (38) reduces to
whereh = 1. Let us remark that the non-relativistic solution is identical with the one we obatained for Schrödinger case in equation (17) . Similarly, we find the non-relativistic of equations (44) and (47) as
for reflectionless-type and symmetric hyperbolic modified PT potential, respectively. It should be noted that equations (49) and (50) can be obtained as special cases of equation (17).
Thermodynamic properties of the Schrödinger-PT problem
In this section, we study the thermodynamic properties of the PT potential model. The eigenvalues E nℓ of this system that we obtained by equation (17) can be re-written as
where we have introduced ζ = 
where k is the Boltzman constant. Now, the substitution of equation (51) into equation (52) yields:
Since e − 2α 2h2 µ ℓ(ℓ+1)βd 0 ≈ 1, the partition function Z can therefore be witten as
In the classical limit, at high temperature T for large ζ and small β, the sum can be replaced by the following integral
Having determined the vibrational partition function, we can easily obtain the thermodynamic properties for the system as follows:
which implies that U (β, ζ) = −ζ 2 /(3τ 2 ) when β << 1.
The vibrational specific heat
which yields C(β, ζ) = 0 when β << 1.
3. The vibrational mean free energy F . It can be calculated as 
Thus the Dawson's integral is implemented in Mathematica as DawsonF [x] . On the other hand, the imaginary error function is an entire function defined by
where erf denotes the error function (also called the Gauss error function) is a special function (non-elementary) of sigmoid shape which occurs in probability, statistics and partial differential equations. In mathematics, the error function can be denoted as [62] erf
The imaginary error function is implemented in Mathematica as Erfi[x].
Numerical Results
The experimental data of µ (in amu) and α (inÅ −1 ) are taken from the recent literature [63] as inputs in expression 17 to calculate the energy states E nℓ (in eV ) of 12 molecules; namely, I 2 , CO,
V H, and ScN for different values of the vibrational
n and rotational ℓ quantum numbers. The experimental data are presented in Table 1 . The calculated energy values are listed Table 2 shows that the PT potential is suitable to describe the diatomic molecules. We selected quantum no n = 0, n = 5, n = 7 so as to cover wide energy spectrum in order to see the behavior of energy for large states
In Figure 1 , we plot the variation of the vibrational energy levels with the potential parameter α for ns states, where n = 1, 2, 3, 4. The energy is purely attractive (negative). It is found that energy is increasing in the positive direction with increasing n when α < 0.1. However, when α > 0.1, the energy is sharply changing toward the negative direction with the increasing of energy state n, i.e., it becomes strongly attractive. For given ζ and unit of τ , the dependence of the vibrational partition function Z on β and ζ are shown for 4 diatomic molecules; namely, N 2 , T iH, N iC and I 2 , in Figures 2 and 3 , respectively. It is found that the Z increases monotonically as β and ζ increase for the first three molecules and linearly increases for the I 2 molecule. This means that I 2 is not sensitive to the various values ζ and β in Figures 2 and 3 , respectively. It is shown in Figures 4 and 5 that the vibrational mean energy U decrease monotonically with the increasing parameters β and ζ, respectively. The vibrational specific heat C (k = 1) first increases with the increasing β and ζ to the maximum value and then decreases with it as shown in Figures 6 and 7 . In the I 2 molecule, C increases monotonically for wide range of β. The vibrational free energy F increases and then decrases with the increasing parameter β in long (short) range for small (large) values of ζ as shown in Figure 8 . On the other hand, F decreases with the increasing ζ for various values of β and overlapping at a specific value of ζ as shown in Figure 9 . It is shown in Figure 10 that the entropy S(k = 1) decreases with the parameter β for various values of ζ and overlapping at some specific value β in the range. On the other hand, S first increases with the ζ to the maximum value and then decreases with it as shown in Figure   11 . The curves for different β are splitting away from each others at higher values of ζ.
Conclusion
In this work, we have solved the Schrodinger equation for the PT potential in the framework of AIM by considering an approximation to deal with the centrifugal term and obtained the energy eigenvalues and the wave functions. The method is also used to obtain approximate energy states and wave functions of the spin-1/2 particle in the field of PT potential and Coulomb-like coupling interaction under spin and p-spin symmetries. Some special cases of interest of the present solution are obtained as the s wave case, reflectionless-type potential, symmetric hyperbolic PT potential and the nonrelativistic solution. Further, the nonrelativistic ro-vibrational energy levels of 12 diatomic molecules are obtained using a set parameter values in Tanle 1 for each molecule.
Our results are displayed in Table 2 . We plotted the variation of vibrational energy levels with the potential parameter α in Figure 1 . On the other hand, we have derived the vibrational partition function Z and then calculated the thermodynamic parameters like the vibrational mean energy U , specific heat C, free energy F and the entropy S. The variations of these thermodynamic parameters with β and ζ are shown in Figures 2-11 for 4 diatomic molecules in presence of PT potential field. The behaviour of the thermodynamic properties changes from one diatomic molecule to another. 
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